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1. INTRODUCTION 
Let F be a field of characteristic p > 0, R a complete discrete rank one 
valuation ring and G a finite group. The complexity c,(M) of a finitely 
generated FG-module (or RG-lattice) M is the least integer s > 0 such that 
lirn dim, P, =o or lim rank, P, = 
ns ns 
0 n-too “-tCO 
where +P,-+P,-,+... + P, -+ P, -+ M+ 0 is a minimal projective 
resolution of M. In [l] Alperin first defined the complexity of a module. 
Stimulated by the significant result [2, Theorem] of Alperin and Evens, 
which says that the complexity of an FG-module M is equal to the maximum 
of the complexities of the restrictions of M to all elementary abelian p- 
subgroups of G, many authors have studied this invariant [3, 6-8, 211. 
In Section 2 some properties of complexity are collected. Especially, the 
rank of a defect group of a block B equals the maximum of the complexities 
of the simple modules belonging to B. This generalizes Donovan’s result [2, 
Corollary 41. In the following section we specify a lower bound for the p-part 
of the dimension of a module depending on its relative projectivity and 
complexity. In particular, the complexity of a vertex height 0 module is equal 
to the rank of its vertex. 
In the last two sections the considerations are restricted to the class of p- 
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soluble groups. For applications in the last section we need a theorem which 
tells us that the defect group of a block B is not too far away from the vertex 
of any simple module in B. This is done in Section 4. The remaining 
paragraph contains a classification of blocks with a simple periodic module. 
The crucial point here is that in the case ofp-soluble groups on the one hand 
the complexity of a simple module is equal to the rank of its vertex, and on 
the other hand the vertex of a simple module restricts the possibilities for the 
structure of the defect group. It turns out that the periodicity of any simple 
module in a block B implies the periodicity of every module belonging to B 
except the case where the defect group of B is a semidihedral group of order 
16. 
In the sequel R always denotes a complete discrete rank one valuation ring 
with residue class field F of characteristic p > 0 and quotient field K of 
characteristic 0 and A E {R, F}. All modules considered in this paper are 
finitely generated and free over A and all groups are of finite order. Recall 
that the p-rank r,(G) of G is the largest integer r > 0 such that G contains an 
elementary abelian p-subgroup of order p”. In case of a p-group G we briefly 
write r(G) instead of r,(G). For a natural number IZ, v,(n) means the highest 
p-power dividing n. vx(M) denotes a vertex of the module M. For details in 
modular representation theory we refer to the books of L. Dornhoff [lo] and 
W. Feit [15]. 
2. SOME PROPERTIES OF COMPLEXITY 
For later reference we compile some known facts on complexity, which 
will be freely used throughout this paper. 
2.1. LEMMA. Let M and N be AG-modules, H a subgroup of G and L an 
AH-module. Furthermore let B be an extension of A. 
(a) cGW 0 N) = maxk&W, G&W. 
(b) cH(MH) < c,(M), and equality holds if M is H-projective. 
(cl c&l = Ccc9 
(d) cJM) < c,(A) = r,(G), where A denotes the trivial AG-module. 
(e) ~$4 Oa B) < c&f). 
(f) If U is an RG-lattice, then c,,(U) = c,,(U@~ I;). 
Next we state a corollary to [8, Corollary 7.71 which relates the 
complexity and the dimension of a module. 
2.2. LEMMA. Let M be an AG-module, c = c&M) and r = r,(G). Then 
p’+ ] rank, M. 
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Proof Let us first assume that M is an FG-module and F is algebraically 
closed and let H be an elementary abelian subgroup of G of order pr. Set 
c’ = c&M,). By [8, Corollary 7.71, we have p’-” 1 dim,M, hence 
p’-’ 1 dim, M by Lem_ma 2.1(b). Now let F be an arbitrary tieid of charac- 
teristic p > 0 and let F be its algebraic closure. If C = c&4 OFF), we get, by 
Lemma 2.1(e), p’-’ ( p’-” 1 dim,M OFF= dim, M. If M is an RG-lattice 
then the above and Lemma 2.1 (f) give the result. 
A useful observation is contained in the following 
2.3. LEMMA. Let 0 -+ M, + M, + M, -+ 0 be an exact sequence of AG- 
modules. If ci = C~(A4i)y then 
ci < max{cj, ck} where [{i, j, k}I = 3. 
Especially, two of the complexities are equal and this value is maximal. 
Proof First assume A = F. Consider the following part of the long exact 
Ext-sequence with a simple module S. 
~ Ext”-‘(&, S) + Ext”(M,, s) + Ext”@f, 7 s) -+ Ext”(M’ ’ ‘1 
+ Ext”+‘(&, s)-’ 
The dimension of each module in this sequence is bounded by the sum of the 
dimensions of the preceding and the following module. We show c, < 
max {c,, c3} = c. Since a module is projective if and only if its complexity is 
zero, we may assume c > 0, by Lemma 2.1 (a). Using [ 2, Lemma 5.41 we get 
(with suitable constants ni) 
dim Ext”(M,, S) < dim Ext”(Mz, S) + dim Extn+‘(M3, S) 
< &nc2-’ + &(n + l)c3-’ 
< (AZ + 2c-1~3)nc-‘. 
Thus C, < max{c,, c3). Similarly, the other inequalities can be obtained. 
Again the assertion for lattices follows from Lemma 2.1(f) and the lemma 
for A = F. 
2.4. COROLLARY. (a) Let M be an FG-module. Then 
where S runs through the set of composition factors of M. 
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(b) Let M be an RG-lattice. Then 
where U runs through a set of RG-composition factors of M. 
(For the notion of R-composition factors see one of the books of Curtis and 
Reiner.) 
2.5. COROLLARY. Let M be an AG-module and N a submodule (for 
A = R, a pure sublattice) of M. If two of the modules N, M, M/N are 
periodic, then so is the third. 
The next Theorem generalizes Donovan’s result [2, Corollary 41. 
2.6. THEOREM. Let B be a p-block of G with defect group D. Then 
(a) r(D) = m;x ca(M) = m?x cG(S), 
where M runs through the set of indecomposable modules in B and S runs 
through the set of simple modules in B. 
(b) r(D) = myax cG( V) = rnp cG(U), 
where V runs through the set of indecomposable RG-lattices in B and U runs 
through the set of irreducible RG-lattices in B. 
Proof By [S, Theorem 21 there is an indecomposable module in B with 
trivial source Fn. Since this module is liftable to a lattice in B with source 
R D, this proves the first equality in (a) and (b). The second follows 
immediately from Corollaries 2.4(a) and (b), respectively. 
2.1. COROLLARY. Let B be a p-block of G. Then the following conditions 
are equivalent. 
(a) Every simple module (irreducible RG-lattice) in B is periodic. 
(b) Every module (RG-lattice) in B is periodic. 
(c) The defect group of B is cyclic or a generalized quaternion group. 
2.8. Remark. The equivalence of (b) and (c) has also been proved in [4] 
without using the concept of complexity. 
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3. COMPLEXITY,~ERTICES AND DIMENSION 
3.1. THEOREM. Let D be a p-subgroup of G and M a D-projective AG- 
module. If c = co(M) and r = r(D), then 
p’-‘v,(l G : D ]) ( rank, M. 
ProoJ With the same arguments as in Lemma 2.2 we may assume that 
A = F is algebraically closed. Let P be a Sylow p-subgroup of G containing 
D and 
MP=@Mi with indecomposable FP-modules Mi. 
i=l 
Then each Mi is D,-projective where Di = DXi n P for some xi E G, so 
Mi 1 ZVf for some indecomposable FD,-module Ni. By Green’s theorem [ 10, 
Corollary 52.61, Nr is indecomposable, hence Nr E Mi and dim, Mi = 
] P : Dil dim, Ni. Now Lemma 2.2 yields pri-” ] dim, Ni, where ri = r(Di) 
and ci = cDi(Ni). By Lemma 2.1, ci = c&V,) = cp(Mi) < cp(M) = c,(M) = c. 
Thus 
p’l-‘I P: Dil ( dim,M,, 
and it suffices to show 
p’lP:Dl Ip”lP:Dil 
for all i. To see this, let H be an elementary abelian subgroup of D”’ of order 
p’. Then 
Hence 
p’lP:DI Ip’iIDXi:Dil IP:DI=p’lIP:Dil. 
3.2. DEFINITION. If M is an indecomposable AG-module with vertex I’, 
then by the above v,(]G : V]) 1 rank, M (this result was first proved by 
Green). M # 0 is called of vertex height 0 if v,(] G : V]) = v,(rank, M). 
3.3. COROLLARY. Let M be an indecomposable AG-module of vertex 
height 0. Then c,(M) = r(vx(M)). 
3.4. COROLLARY. Let F and K be splitting fields for all subgroups of G 
and let B be a p-block of G. Then there exist a simple FG-module S and an 
irreducible RG-lattice U in B with 6(B) as a vertex and cJS) = r(6(B)) = 
%uJ)* 
Proof. This follows immediately from [ 10, 61.81 and Corollary 3.3. 
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3.5. COROLLARY. Let K be a splitting field for G. If U is an irreducible 
periodic RG-lattice with elementary abelian vertex V, then V is cyclic. 
Proof By Theorem 3.1, v,,(] G I)p-’ 1 rank, U, since V is elementary 
abelian and hence pr = / VI. Now by a well-known theorem on character 
degrees this implies that U is in a block of defect 0 or 1. Thus V is cyclic. 
Since Brauer’s height zero conjecture is proved for p-soluble groups we 
can state 
3.6. COROLLARY. Let G be a p-soluble group, B a p-block of G with 
abelian defect group and U an irreducible RG-lattice in B. Then co(U) = 
@W). 
3.1. COROLLARY. Let G be a p-soluble group, B a p-block of G with 
abelian defect group. Then B contains an irreducible periodic RG-lattice tf 
and only $6(B) is cyclic. 
Proof The “if’ part is trivial. So let U be an irreducible periodic RG- 
lattice in B. Then by Corollary 3.6 r(&B)) = 1, and as 6(B) is abelian, this 
forces it to be cyclic. 
In Section 5 arbitrary blocks of p-soluble groups with a simple periodic 
FG-module are studied. 
4. A RESTRICTION FOR DEFECT GROUPS INP-SOLUBLE GROUPS 
K. Erdmann’s result in [ 111 says that the vertex of a simple module M in 
a p-block B is cyclic if and only if the defect group 6(B) of B is cyclic; 
moreover the vertex of M and the defect group coincide up to conjugation. 
So it is natural to ask: Given the vertex of a simple module in B, what can 
be said about 6(B)? 
4.1. EXAMPLE. Let F be an algebraically closed field of characteristic 2 
and let G be the group PSL(2, q). If q = 1 (mod 4), the principal 2-block of 
G contains a simple module with a Klein four group as vertex. On the other 
hand, by suitable choices of q we can get defect groups of arbitrary large 
order. Thus the vertex of a simple module does not restrict the order of the 
defect group in general. (See [ 121.) 
However, in case of p-soluble groups, this cannot happen, as we know 
from an unpublished result of Puig. For later applications we need a good 
bound for the order of the defect group. First a definition: 
4.2. DEFINITION. Let V be a p-group. The normal sectional rank s(V) of 
V is defined by 
s(v) = max{n 1 n E N with: there exist A, B 4 V such that 
A/B is elementary abelian of rank n). 
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4.3. THEOREM. Let G be a p-soluble group and let B be a p-block of G 
having D as defect group. Suppose that B contains a simple FG-module M 
with vertex V and let s = s(V). Then 
IDI 11 VI pSCS-“I*. 
Proof. Since vertices and defect groups behave well by field extensions 
we may assume that F is algebraically closed. First we consider the case that 
O,(G) is contained in the centre of G. Thus O,,,,(G) = O,,(G) X O,(G). Put 
K = O,,,,(G), H= O,,(G) and L = O,(G). By [ 18, Chapter IX, Lemma 1.61 
G/K acts faithfully on K/U, where U/H = @(K/H) denotes the Frattini 
subgroup of K/H. Therefore we have a faithful action of G/K on L/@(L). 
Since V contains each normal p-subgroup of G [lo, 53.91, the rank of 
L/@(L) is bounded by s. Hence if P is a Sylow p-subgroup of G, then 
P/L g PKIK is a p-subgroup of GL(s, p). It follows 
IDIIIVI(P:LIIIVJp”‘-I”*. 
Thus the theorem is proved for all groups G with O,,(G) c Z(G). Now let G 
be a minimal counterexample with respect to the order and write H for 
O,,(G). Let N be a simple constituent of the restriction M, of A4 to H. 
Denote by Z the inertial group of N in G, that is, 
Z= (g] gE G,N@ gzNasFH-modules}. 
If Z < G we are done by the inductive hypothesis and [ 16, Proposition 1.21. 
So it remains to deal with the case Z = G, in which the Fong reduction 
works. For details the reader is referred to [ 15, Chapter X] and [ 16, 
Proposition 1.11. 
There exists a finite group G and a short exact sequence 
where 2 is a cyclic p/-group in the centre of G”. Furthermore 
(i) G contains a normal subgroup I? isomorphic to H with ZZ? = 
2 x f?==-‘(H). 
(ii) There exists a simple FG-module A? and r? acts trivially on n?. 
Thus A? can be regarded as an F G/I?-module. We denote this module by 
A?,. 
(iii) There is a p-subgroup P of c’ such that I??/r? is conjugate to the 
vertex of M,, and f(F) =G V. 
(iv) There is a p-subgroup fi of G such that fiZ?/fi is a defect group 
of the block of elfi to which fi, belongs and f(B) =c D. 
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Clearly O,,(G/@ = .?%/fi lies in the centre of G/E. Now the first part of 
the proof applied for G/Z? to the module fi,, completes the proof since 
I%?/H g V and fifi/I? E’ D. 
4.4. Remark. Let the assumptions be as in Theorem 4.3. If s(V) = 1, 
then V = D. This is exactly Cliffs Theorem 3.1 in [9]. 
5. BLOCKS OFP-SOLUBLE GROUPS WITH A SIMPLE PERIODIC MODULE 
By Lemmas 2.1(b) and (d) the complexity of an indecomposable module 
is bounded by the rank of its vertex, but in general equality does not hold. 
However, we have 
5.1. THEOREM. Let G be a p-soluble group and let M be a simple FG- 
module. Then co(M) = r(ux(M)). 
Proof We may assume that F is algebraically closed. By [ 16, 
Theorem 2.11 each simple module is of vertex height 0. Thus the assertion 
follows by Corollary 3.3. 
5.2. COROLLARY. Let G be a p-soluble group. A simple FG-module is 
periodic if and only if its vertex is cyclic or a generalized quaternion group. 
For non-p-soluble groups these results are not true: 
5.3. EXAMPLE. Let F be algebraically closed of characteristic 2 and let 
G be the group PSL(2, q), where q z 5 (mod 8). Then the principal 2-block 
of FG has a simple periodic module M whose vertex is a Klein four group, 
so 1 = co(M) < r(vx(M)) = 2 (see [ 131). 
As a further application we determine blocks of p-soluble groups which 
contain simple periodic modules. We start with a group-theoretical Lemma. 
5.4. LEMMA. Let Q be a generalized quaternion group of order 2”“. If 
D is an extension of Q with ) D : Ql< 2 and C,(Q) c Q, then D is 
isomorphic to one of the following groups: 
(i) a generalized quaternion group, 
(ii) a semidihedral group, 
w ab =;“‘l $‘- Q(t), h ere t2 = 1 and t acts on Q= (a, b 1 a2”=b4 = 1, 
,a = b2) by a’ = a ‘+2n-‘, b’ = 6. Moreover 1 Q/ > 16. 
Proof: Suppose that (D : Q / = 2. We distinguish two cases. 
Case 1. D without non-cyclic normal abelian subgroups. In this case, D 
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has a normal cyclic subgroup of index 2, and by [ 17, Chapter I, 14.91 only 
generalized quaternion or semidihedral groups can occur. 
Case 2. D has a non-cyclic normal abelian subgroup, say, N. We may 
assume that N is elementary abelian. Let z be the involution in Q. Since 
C,(Q) c Q, (z) = Z(D). Hence z EN and N = (z) x (t). Now let 
y E D\C,(t). Obviously tY @ { 1, t, z) and therefore tY = tz, which is 
equivalent o y’ = yz. If a E CD(t), then b 4 C,(t). Hence b’ = bz = bb’. But 
then a2”-2 t E CA+, b)) = Q, a contradiction. Thus ] Q ] > 16 and a @ C,(t) 
and a’ = az = aif2”~‘. If b’ = bz replace b by ab. Then (ab)’ = azbz = ab. 
5.5. LEMMA. Let G be a soluble group, F an algebraically closed field of 
characteristic 2. Suppose that the 2-block B of FG contains a simple periodic 
module M. Then the defect group of B is cyclic, a generalized quaternion, or 
a semidihedral group. 
Proof By Corollary 5.2 the vertex of M is cyclic or a generalized 
quaternion group. In the former case vx(M) =G 6(B), by Remark 4.4. Thus 
we can assume that the vertex of M is a generalized quaternion group Q. 
According to Kniirr’s Theorem [ 191, we may choose a defect group D of B 
such that C,(Q) c Q c D. Furthermore ID : Q] < 2, by Theorem 4.3, and D 
is isomorphic to one of the groups in Lemma 5.4. First suppose that 
O,(G) # 1. Let z be the involution in Q. Since O,(G) c Q [ 10, 53.91, z lies in 
the centre of G. Thus the block B corresponds to a block 3 of G/(z), where 
the simple modules correspond by inflation [ 10, 64.51. In addition g has a 
simple module with vertex Q = Q/(z) [ 16, Lemma 1.31 and a defect group D 
of B equals D/(z). Since by Knorr’s result [ 191, Z(o) ccZ(Q), the case 
Lemma 5.4(iii) does not occur for D. (Observe that D is the direct product of 
a dihedral group of order >8 and a cyclic group of order 2, and Q is a 
dihedral group of order >8.) Therefore, if G is a counterexample of minimal 
order, then O,(G) = 1. Hence O,,(G) # 1. We complete the proof in a 
straightforward way by a Fong reduction using [ 14, Proposition 2.11. Details 
will be omitted. 
5.6. DEFINITION [ 18, Chapter XII, 8.41. SL(2, 3) = (x, y, a ) x2 = y2 = 
(xy)‘, x4 = a3 = 1, xa = y, ya = xy) permits an automorphism a given by 
xa=x, ya = w, ua = a-‘xy-‘. 
a2 is the inner automorphism of SL(2,3) induced by x-‘. Thus there exists 
an extension G,, of SL(2,3) of order 48 and the Sylow 2subgroups of G,, 
are generalized quaternion groups of order 16. G,, is one of the two 
representation groups of S,, the other one is GL(2,3). G,, is also known as 
the binary octahedral group. 
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5.7. THEOREM. Let G be a p-soluble group and let F be algebraically 
closed. Then depending on its defect group D, a p-block B of G has the 
following structure as F-algebra (l(B) denotes the number of simple FG- 
modules in B): 
Structure of D F-algebra structure of B l(B) 
Generalized 
Quaternion 
Group 
Mat(n, FD) 
Mat@, FG,,) 
Mat(n, FSL(2, 3)) 
1 
2 
3 
Semidihedral Mat(n, FD) 1 
Group Mat(n, FGL(2,3)) 2 
Cyclic Mat(n, FU), U < holomorph (0) 1 U/D 1 
D E Sal, 
ProoJ The proof follows exactly the lines of Koshitani’s proof in case D 
is a dihedral group (see [20, Theorem]). We argue by induction on the order 
of G. If H = O,,(G), then B 1 FGe g Mat(th, FC T/H) where T = T,(f ), f is a 
centrally primitive idempotent of FH, t=IG:TI, G=i);=,Tgi, 
e = Cf=, f@, FHf = Mat(h, F) and c is an F*-factor set of T/H. 
Furthermore there exists a block B of T with defect group D such that B E 
Mat(t, B). Thus, if T < G we are done by the inductive hypothesis. Hence we 
may assume T= G, B = Mat(h, FC G/H) and D is a Sylow p-subgroup of G. 
It remains to show: 
(1) G/H has the structure as the groups in the list. 
(2) The factor set c of G/H in F* is always equivalent o the trivial 
one. 
To (1). G = G/O,,,,(G) is a section of the automorphism group of 
N= O,~,,WlO,vW 
Case 1. D is a generalized quaternion group. Since D is a Sylow 2- 
subgroup of G, N is cyclic or a generalized quaternion group. In the former 
case, G is a 2’-group, a contradiction. 
Since the automorphism group of a generalized quaternion group of order 
> 16 is a 2-group, G/H z D in this case. Thus assume that N is a quaternion 
group of order 8. Then Aut(N) = S,. Since O,(G) = 1, G < S,. Now it is 
easy to see that G/H is isomorphic to N, SL(2,3) or to the binary 
octahedral group G,, . 
Case 2. D is a semidihedral group. In this case N is a cyclic 2-group, a 
generalized quaternion group, a semidihedral group, or a dihedral group. As 
COMPLEXITY AND MODULAR INVARIANTS 455 
in Case 1 the cyclic case gives a contradiction. If N is a generalized 
quaternion group, it must be of order 8, since the Sylow 2-subgroup is 
semidihedral. The only possibilities for G/H are now 1 or GL(2,3). If N is a 
semidihedral group, G/H is of the same type, since the automorphism group 
of a semidihedral group is a 2-group. The dihedral case gives immediately a 
contradiction, if INI > 8. Since the automorphism group of a Klein four 
group is S,, N can not be of type (2,2). 
Case 3. D is cyclic. Now N z D. Put L = O,,,,(G) and L = HD. By the 
Frattini argument G = N,(D)L, hence G = No(D)I As N,(D) = 
D x C,(D) = Co(D), G is a @-subgroup of the automorphism group of D. 
To (2). Let G/H be one of the groups occurring in (1). Hence if p = 2, 
G/H is a 2-group or isomorphic to SL(2,3), GL(2,3), or G,,. 
In case p # 2, G/H is a semidirect product of a cyclic p-group with a 
cyclic p’-group. Let P be a Sylow p-subgroup of H*(G/H, C*) and (G/H), a 
Sylow q-subgroup of G/H. Since by [22, Proposition 3.21 
H’(G/H, F*) g H2(G/H, C *)/P < fl H*((G/H),, C*) = 1, 
q prime 
qfP 
the F*-factor set c is always equivalent o the trivial one. 
5.8. COROLLARY. Let F be an algebraically closed field of characteristic 
p > 0, let G be a p-soluble group and let B be a p-block of G with defect 
group D. If B contains a simple periodic module, then one of the following 
cases occurs : 
F-algebra structure of B D IDI l(B) 
Mat(n, FU), U < holomorph(D) cyclic arbitrary 1 U/D I 
D E s~l,W) 
Mat(n, FD) generalized arbitrary 1 
quaternion 
Math FG,,) quaternion 16 2 
Mat(n, FSL(2, 3)) quaternion 8 3 
Mat(n, FGL(2, 3)) semidihedral 16 2 
Proof: Corollary 5.2, Remark 4.4, Lemma 5.5, and Theorem 5.7. 
For p-soluble groups we obtain a generalization of 3.6. 
5.9. COROLLARY. Suppose that G is a p-soluble group and B a p-block 
of G having defect group D. Then the periodicity of any simple module in B 
implies the periodicity of all modules in B except the case where D is a 
semidihedral group of order 16 and l(B) = 2. 
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ProojI This follows directly from Corollary 5.8 if F is algebraically 
closed. The reduction to such a field can be done by standard methods. 
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